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Abstract 

A family of cuts is given for the polyhedron of the intersection of a matroid with a knapsack 

problern. These cuts could be combined with matroid and knapsack cuts in a Branch and 

Cut Me~hod, for this we give sorne hemistics to obtain such cuts. Sorne of the cuts give 

facets of small problems that can be lifted to facets of large problems. 
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1 Problem statement and definitions 

We shall be concerned about Independent Systems, one corresponding to the Knapsack 

Problem, where we assume. that each element j of E is given a non-negative integer weight 

ai and that the family of independent sets, denoted by !C, is de:lined as the family of subsets 

I of E su eh that E;EI a; .::;; b, where b is a given positive integer. 

The other special Independent System we shall be considering is obtained when the 

following property holds for I: for all I, J E I such that III = IJI + 1, there exists an element 

k of I \ J such that I U {k} E I. In this case the Independent System is called a Matroíd 

and its family of iudependent sets is denoted by M. The reader is referred to [5] for Matroid 

Theory fundamentals and notation. 
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This work studies properties of the Independent System resulting of the intersection 

of matroid and knapsack Independent System defined over the same ground set E. The 

simplest non-trivial such intersections is obtai.ned when the family of independeni sets of an 

lndependent Systems mnst obey both a knapsack and a matroid constrains. We theu speak 

of Matroid Knapsack problema and we denote by .C the family ofits independent sets. These 

problema have been considered in (2J from the point of view of lagrangean relaxation and ita 

propertió!s. The case of several knapsack constraints has been studied in [1]. Here we begin 

to analyze the polyhedral atmcture of these problema. 

The polyhedral approach identifies an lndependent System using the characteristic 

vector x1 given for ea.ch I by xf = 1 if j in I, O oiherwise, and considering the convex huU 

of these vectors, i. e. Pz := conv{x1 E {0, 1}": I E I}. 

We denote by V the family of all subsets of E which are not independent, called the 

family of dependent seis V = { D E E : D ti I}, and by C the fa.mily of all minimal dependent 

sets or c'ircuits of the Independent System. 

For any circuit C of Independent System a val.id inequality for the corresponding 

polyhedron Px is given by E;Ec x; S IGI - 1 

In order to simplify the notation in the inequalities, we use x(A) as a short-hand for 

LjeA x;, for any subset A of E. 

More generally, for any A~ E, a valid inequality for Px is given by 

x(A) s r(A) (1) 

where r(A) = max{III : I E I and I ~A}, is called the rank function ofthe Indepen­

dent System. 

It is weH known that PM has been fully cbaracterized in (3] as the set of real vectom 

x satisfying the inequalities ( 1) and non-negativity. As for as P~e is concemed, no full 

characterization is lmown, but this poly_hedron has been extensively studied and severaJ 

families of facet-inducing inequalities have been found. The reader is referred to [4J as an 
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up-to-da.te text in integer programming and combinatoria.! optimiza.tion. 

2 Valid inequalities for Matroidal Knapsack problems 

We will derive cuts for Pe from PIC n PM. 

2.1 Trough the paper, we denote by (P, Q, S, T) a partition of E, with cardina.lities p, q, s, t 

respectively, by k, the rank of (PUT) in the matroid (E, M) and by q0 a distinguish element 

ofQ. 

Assumption 2.2 We assume: (a) t 2 2, q 2 1, O~ p <k< p+t. {b) rM(QUPUT) = k+q. 

(e) The set PUT, which is dependent in the ma.troid (E, M), is independent in the knapsack 

(E,!C). (d) For all e E T the set P U Q U {e} is a cyde of the knapsack (E,!C) and is 

independent in the matroid (E, M). (e) The set S, which represent the elements not used 

in the configuration, could be empty. 

We do not know a complete description for P~e, hence we do not expect to · find a 

complete description for Pe. But it has to satisfy the rank inequal.ities (1) for both P/C and 

PM a.nd any non-negative linear combina.tion of them. In the next lemma. we identify sorne 

valid inequalities for Pe corresponding to Atlsumption 2.2 tha.t we use to derive the cuts. 

Lemma 2.3 Apa.rt from O ~ x. ~ 1 Ve E E, the following inequal.ities are val.id for P,. 

x(PUT) ~k 

x(P U Q U {e})$ p + q Ve E T 

2x(T) + (t + l)x(P) + tx(Q) $k+ t(p + q) 

2x(T~ + (t + l)x(P U Q) $k+ t(p + 1{) + q 

2x(T) + (t + l)x(P U Q \ .{q0 }) + tx'l<l $ k+ t(p + q) + q- 1 

2x(T) + (t + 2)x(P) + tx(Q) $k+ t(p + q) + p 
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Proof: The inequalities (2) and (3) are a direct conseqmm.ce of inequality (1) and 

Assumption 2.2. Adding the inequality in (2) and the inequaliti.es in (3) we obtain ( 4). 

Adding x. :::; l for all e E Q to (4) we obtain (5). Adding Xe 51 for alJ. e E Q \ {q0} to (4) 

we obtain (6). Adding Xe 5 1 for all e E P to (4) we obtain (7). o 

In the next lemma we define x", a fractional vertex of PM n P~t which is cut by the 

inequalities of Theorem 2.5. 

Lemma 2.4 Let x" be defined as: x~ = 1 if e E PUQ\ {q0}; x~ = ~ if e E T; x~ = 1-~ 

if e= q0 ; x~ = O if e E S. 

Then X0 is a fractional vertex of P M n P". 

Proof: 

1) Clearly O :::; X 0 :::; f and O < x;, < 1 since p < ~~ < p + t by Assnmption 2.2, hence 

it is fractional. Therefore we could write: 

2) Sin ce (a) is equiva.lent to: 

We haveo x" E P¡c, because x" is a convex combination of two points in Pr:,. 

3) Since (b) is equivalent to: 

(1- ~)xPuQ + (~~~ )(1- ?)x:r + (9)xl'UQ\{~} + (t -l)(~)x:r 

-'1:"' !(1 _ .!:::.i!)xPUQUT\{e} + '1."' b:¡:PUQ\{~}UT\{•} 
- L,eET 1 1 L,eET T 

We ha ve x 0 E P M, beca use X 0 is lest than or equal to a conve.x combi.nation of poinw in P M. 

4) X 0 (P U T) = x"(P) + X 0 (T) = p +(k - p) =k 

xo(p u Q u {e})= p + (q -1) + (1- 9) + (~) = p+q '\fe e T 
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Hence. the equation system of X 0 contains: 

i} x(P U T} =k 

ii} x(PUQU{e}}=p+q VeET 

iü} Xe = 1 

iv) Xe =O 

Ve E PUQ \ {qo} 

Ve E S 

The only solution to system (i,ü,üi,iv} is X0 since deducting Xe = 1 Ve E P from (i}, 

and X e ~ 1 Ve E Q \ { qo} from (üi} we obtain: 

i'} x(T) = k - p 

ü'} Xe + Xq0 = 1 Ve E T 

Therefore adding (ü'} for all e E T and using (i'), we have 

x(T) = t(1- Xq0 ) =k- p. 

That is Xq0 = 1 - ~ and Xe = ~ Ve E T. Hence X 0 is a basic solution. 

The main result of this paper is the next theorem. 

Theorem 2.5 The following inequalities are cuts for P¡;. 

x(T) + tx(P) + (t -l)x(Q) $ t(p + q)- q 

x(T U Q} + 2x(P) $k+ p + q- 1 

· When t and k + t(p + q) + q are odd: 

x(T) + t ~ 1 x(P U Q) $ k+ t(p + :> + q -1 

When t is odd and k+ t(p + q) + q is even: 

(T) t + 1 (P Q \ { }) t- 1 < k+ t(p + q) + q- 2 
X + 2 X U qo + 2 Xqg _ 2 . 
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When t is even and k + t(p + q) + p is odd: 

x(T) + t; 2 x(P) + ~x(Q)::; k +-t(p+ i) + 'P- 1 

When t and k + t(p + q) + p are even: 

Proof: ,rfhe proofs of cuts (8) and (9) are similar. We prove only (8). 

Replacing x" in (8) we have: 

X 0 (T) + tx0 (P) + (t -l)x0 (Q) ~ 

(k- p) -Hp + (t- l)(q- 1) + (t- 1)(1- !¡!) = 

(k+ t(p + q) - q) + !¡! > k+ t(p + q) - q 

To shotv tb.at it is a val.id. inequality for P.e, consider any set A E C. 

If P g A then xA(P) :::; p- 1 a.nd the vector zA satisfy {8) smce 

:¡;A(T) + txA(P) + (t -l)xA(Q) S t + t(p -1) + (t -l)q = t(p + q)- q. 

If P ~A then: 

(12) 

(13) 

eilher Q <;;;; A which implies that not element of T is in the solution, in this case the 

vector xA satisfy (8) since 

xA(T) + txA(P) + (t- l)xA(Q) = 0 + tp + (t -l)q = t(p + q)- q. 

or xA(Q)::; q -1 and xA(T)::; k- p::; t -1, beca.use k= r(P n T) and k< t + p, in 

this case the vector xA sa.tisfy (8) since 

xA(T) + txA(P) + (t -l)xA(Q) S t -1 + tp + (t- l)(q -1) = t(p + q)- q. 

The proofs of cuts (10), (11) and (12) are similar, but with a. different technique from . 
the proof of (8) a.nd (9). We prove only (10). 

If t and k+ t(p + q) + q are odd then the inequality (10) is a valid inequality for Pe 

which. cuts x". 

Dividing by two the valid i.neqna.lity (5) 

2x(T) + (t + l)z(P U Q) .5 k+ t(p 4- q) + q 

and taking the fioor of it right-hand-side gives (10). 
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Replacing X 0 in twice (10) we have: 

2x0 (T) + (t + l")x0 (P U Q) = 
2(k- p) + (t + 1)(p + q- 1) + (t + 1)(1- !¡Ji) = 
2k- 2p+tp+tq- t +p+q -1 +t + 1- k+p- !:¡:2 = 
k+ ( -2 + t + 1 + 1)p + (t + 1)q- !:¡:2 = 

(k+ t(p + q) + q- 1) + (1- !:¡:2) >k+ t(p + q) + q- l. 

The proof of cut (13) uses cuts (8) and (9). 

3 Facets for Pe 

o 

In this section we give an example thi:\t shows how to derive conditions which assure us that 

sorne of the inequalities in Theorem 2.5 correspond to. facets of p;_ = Pc. n {x. =O: e e S}, 

Hence, we can use standard Lüting Techniques to obtain facets of P¡;. 

To show that a given valid inequality of a polyhedron P is facet inducing it is enough 

to show that that there are dimension of P points in P wh.ich are linear independent and 

satisfy the given inequality as equality. Notice that dimension of P}. is p + q +t. 

Example 3.1 Let E = {1, ... , t,Po, qo}, T = {1, ... , t.}, P = {Po} and Q = {qo}, with 

p.= q = 1 and k = t and let Tu Q e /C. In this case the dimension of P¿ is t + 2. 

In P}., the t + 2 points zPUT\{•}, 'Ve e T, xPuQ, xTUQ are independent since it is easy 

to solve. The ine<~;uality (8) is facet inducing for P}. since in this case this inequality is: 

x(T) + t~(P) + (t- l)x(Q) ~ 2t -1 which is satisfied as equality by the giwn points. 

4 Separation heuristics for Pe 

In this section we consider sorne examples of separation heuristics for Pc. than can be used 

in a Branch and Cut Method. 

96 



Given a so!u.tion x to the linear relaxation, by Lemma 2.4 we are looking for a dependent 

set in the matroid with values 01 and 1 in x, the 1'1:! correspond to P and the others to T. 

Then look for an are, independent from the cyde, with value 1 - a conesponding to q0 and 

check if.oue of the corresponding inequ.alities is vio!ated, if not, try to add elements to T, p 

and Q. 

We define tbe submatroid M"' in the ground setA= {a E E: x(a) = 1 Vx(a) = a±.:J, 

x(a) is the weight of a. 

For each a present we could look in M a either for small configm:a.tions, which we could 

euumerate or for a maxi.mum base, this gives a cycle8 basis and we have a configuration for 

each element not in the basis or for a maximum 1-forest, that is a forest with one cyde. 
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